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CMOD1: FUNCTIONAL ANALYSIS

Duration: 3 Hrs Max Marks: T

Tnstrwefions to candidates:

1)

Attemnpt any Five Chiestions,

b) State Bessel's inequality,
¢) Sate and prove Riesz Representation theorem. [5+247]
1 of 2 PTO

2} Figures to the right indicate full marks

E- 1. a) Define normed linear space. Show that the norm ||]|: N = R is continuous

5 function on N.

E b) Define Banach space. Show that the space £ (n) is Banach space. |6+8]

=

1
% E 2. a) A normed linear space N is Banach space iff every absolutely summable sequence
S % in N is summable in N,
E 3 b) Let N and N’ be normed linear spaces. Prove that a linear transformation T:N— N’
24 E is continuous if and only if T is bounded. [8-+6]
=g
s 5
E g 3. a) State and Prove the Hahn-Banach theorem
= & . 1 1
EE'T b) Let 1< p < e. Prove that the dual space " is £* yhere ;+;=1. [8+6]
B
E E 4. a) Let N be normed linear space and suppose two norms ||+||,and |||, are defined
% E on N then prove that these norms are equivalent iff there exists positive constants
% E m and M such that m||x|l, < ||x|l, < M]lx]l, ,¥x € N.
E 2 b) Prove that Every subspace of a seperable normed linear space is seperable.
E ﬁ_ |6-+8]
i E‘ 5. a) State and prove Open mapping theorem,
E -é b) State-and prove Closed graph theorem
i & ¢) Define Isometric Isomorphism, [5+7+2]
2 3
i% 6. a) State and prove Uniform Boundedness principle.
= & b) Show that every closed convex subset of a Hilbert space contains a unigue vector
E‘ g of smallest norm.
1 ¢) Define Orthonormal compliment of set. 16+6+2]
s £
3 o
% 7. a) If M is a closed linear subspace of a Hilbert space H then prove that H=M& ML
=
E
:



8. a) Define adjoint operator of Hilbert space. Let H be a Hilbert space and
T,,T, € B(H). Let T, and T,  be an adjoint operator of T, and T, respectively then
show that
NM+hE)=THT+T; i) IT°T = |7 3
b) Let T be an operator on Hilbert space H. Show that there 15 a Unique operator T
on H such that {T'(x), ¥} = (x, T*(¥)) for all x,y€ H, also prove that ||[T*[| = |[T|
¢) Let P be a projection on a Hilbert space with range space M and null space N then
P is an orthogonal projection iff P is self adjoint and in this case N = M+,
(445+5)

L L d ]
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CM02: DIFFERENTIAL GEOMETRY
Choeation: 3 Hrs Max Marks: T

Tnstractions fe camdidates:
1} Attempt any Five Questions.
2) Figures to the nght indicate full marks

N T e

L L e T P W o TR Y, " ST, , P o N Sl RN Ry ¢ TR s ¥

T -..F_-_--_ B
2. Any revealing of identification, appeal to valuator and [/ or equations written will be treated as mal practice,

T R T . .

1. a) Let V=xU;+yl; and W=2x" U;-U; Compute the vector field W-xV and find its
value at the point p=(-1,0,2).
b) Compute V,[f] for the function f=x"yz with p=(1,1,0) and v=(1,0,-3).
¢) If WV and W are vector fields on E' and f,g,h are real valued functions then prove
that V[fa]=V[f] g+f V[g] . [4+5+5]

2. a) Find the unique curve a such that a{0)=(1.0,-6) and a'(t)=(t",L.e")
b) If f iz a differentiable function on E’ then df = iy % dx;

¢) Evaluate the 1-form ¢ = x*dx — y*dz on the vector field V=xU,+yU;+zU;
[4+5+5]

3. a) Let £ be a unit speed curve in E' and K>0 then the three vector fields T, N
and B are unit vector fields which are mutually orthogonal at each point.

b) If #:1 = E? is a unit speed curve with the curvature K>0 and Torsion 7 then
prove that N' =- KT +rB |648]

4. a) Show that a spherical curve f has a curvature k = i . Where a is the radius of

the sphere.
b) Compute the Frenet apparatus of the curve a(t) = (3t — 3, 3t%t%). [8-+6]

5. a) Suppose w = :-:IU1+:.~rzU; and v=(-1,0,2) at p=(2,1,0) then find V,w.
b) A function X: D — E? defined by X{u,v)= {uE.uv.VI}, u=0, v=>0 is a proper
patch. |6+8]

" 6. a) Every sphere in E' is a surface.
b) Find the shape operator of a sphere of radius r. |6+8]
1af2 PTO



7. a) Define Umbilic point. Show that every point on a sphere 1s Umbilic.
b) Show that plane is both flat and minimal surface. .
[10+4]

8. a) a is Geodesics if and only if @ has a constant speed.

b) Prove that a curve @ in a surface M is a straight line of E’ if and only if u is
both Geodesics and asymptotic. [8+6]

LR L2
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CM04: NUMBER THEORY

Instractions fe candidates;
1} Attempt any Five Questions.
2) Figures to the nght indicate full marks

} Duration: 3 Hrs Max Marks: T

1. a) Ifdis G.C.Dof a and b then prove that there exist integers x and y such that
d = ax + by and d is the least positive value of ax + by.
b) State and Prove Division Algorithm.
¢) Find the G.C.D of 595 and 252. Express d in the form of 252m + 595n.
[5+5+4]

2. a) State and prove Fundamental Theorem of Anthmetic.
b) The linear congruence ax = b{modm) is solvable if and only if d|b where
d=0G.C.D(a,m),if d|bthen it has d incongruent solutions.
¢) Define Gold Bach Conjecture. [6+6+2]

3. a) State and Prove Fermat’s Little Theorem.
 b) Find the remainder when 721 i5 divide by 31.
¢) State and Prove Wilson’s Theorem. |5+4+5]

4. a) For any integer n, o(n)is odd if and only if n is a perfect square or twice of perfect
square,
b) Show that T(n) = 1(n+ 1) = r(n 4+ 2) forn = 4503.
¢) State and prove Mobius inversion formula.
|6+d+4)

LN

. a) State and prove Euler's Theorem.
b) Define Euler's-phi function, explain the application of cryptography. [7+7]

6. a) Prove that Euler-¢ function is multiplicative.
b) If n > 1 and p,, P2, *** Py are the distinet prime factor of n then prove that

#n) =n (1 — ;—J {1 e (1 % 1)

2. Any revealing of identification, appeal to valuator and / or equations written will be treated as malpractice,

Pz Pm
c¢) If the order of a modulo m is A, then prove that the order of a® is ﬁ.
| 7+4+3]
1ofl rro

o DITPRRTEATIR N, . U CORETERE TR ARES W LS, LR PR ERLITEL Y U RELApnallad JEEIC S LR RNl SUATLARNEL g RELARER. fhEs s,



7. &) If p is prime and d|(p — 1), then prove that the congruence x* — 1 = 0(mod p)
has exactly d solutions.
b) Find the primitive roots of 15,
¢) Solve the linear congruence 7x = 2(mod 9)

[6+4+4]
8. a) State and Prove Euler’'s Criterion
b) State and Prove Quadratic Reciprocity law,
¢) Solve the congruence x¥* + 3x + 11 = 0({mod 13).
[6+5+3]

L L 2.3 %]
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CMO09: FUZZY MATHEMATICS
Dwiration: 3 Hrs Max Marks: T

Fnstructions o condidares:
by Atdtempt any Five Quesiions,
2) Figures to the right indicate full marks.

2. Any revealing of identification, appeal to valuator and / or equations written will be treated as malpractice,

Important Note; 1. On completing answers, compulsorily draw diagonal lines on the remaining blank pages,

1. a) Let f: X = Y be a function , then prove that
i) fFY(1—B) =1- f"Y(B), for every fuzzy subset B of X
i) f(AAB) < f(A)Af(B) for any fuzzy subset 4, B of X
b) Let f: X — Y be a function , then prove that  f(Vie, 43) = Ve, f(A7) forany
family {A;: A € A} of fuzzy subsets in X,
¢) Prove that a fuzzy set 4 on R is convex if and only if
Aldx; + (1= A)x; = min{A(x,), A(x2)}]. [6+3+5]

2. a) Let X be aset and A, B be any two fuzzy subseéts of X . Leta,f € [0, 1] then
prove that ) (4w BE""4 U™B

ii) 4= [']*"A:ﬂ*"'ﬂ
i

Hhoar
b) State and prove the first Decomposition theorem for fuzzy sets. | 7+7]

3. a) Define Zadeh’s Extension Principle. Let f: X = ¥ be a function. Then for any
Ae 7(X) ¥ a € [0,1] prove that  7{" 4" [r(4)]

b)LetX ={x/x €[0,10]}and ¥ = {x*/x € X} and f: X — Y defined by
f(x) =x*¥ x € X. Let A and B be fuzzy subsets of X defined by A(x) = ﬁ;

vYx € Xand B(x) = 2—11 ¥ x € X then find f(A) and f(B). [7+7]

4. a) Show that the Sugeno’s class of fuzzy complement is monotonicity and involutive
b) Define equilibrium point of a fuzzy complement. Find the equilibrium point of
Sugeno’s class and Yager's class.
¢) Prove that “a = C(a) if and only if c{C(a)]=a ¥ a € [0, 1]. |5+5+4|

-5. a) Define t-norm. Prove that i , (a,b) S i{a.b) < min{e,b) ¥ a,b € [0,1] where i, is
drastic intersection of t-norm and i is any other t-norm.
b) Prove that max(a, b) < u,(a,b) < wy,.(a.b) forall a, b € [0, 1], where
u,, is Yager's class of t-conorms, u,,,, is drastic union t-conorm. |8+6]



6. a) Show that (u-!:. 2L .1_“> is a dual triple,

I+ab l+a
b) Show that {min,max,C, ) forms a dual triple where C, is Yagers class of fuzzy

complement.
[7+7]

i [ I”ﬂll rr:'r
7. a) Define a function k, :[0,1]' —[0,1] by F:,,[al.az,---u,}=[ﬂ‘ +ﬂ’ﬂ+ . ] where a;'s

are not all zero and a € R, @ # 0 then show that
h, = Arithmetic mean , a= |

= Geometric mean , a — 0

= Harmonic mean, o= -1

b) Let A €.(R) .Then prove that A is a fuzzy number if and only if there exists a

closed interval |a, b] # ¢psuchthat A(x) = 1ifx € [a,b]
= #(x)ifx € (—oo,a)
= r{x)ifx € (b,»)
Where £: (—oo,a) = [0, 1] is monotonically increasing and continuous from the
right such that £(x) = 0 for x € (-oo,wy) and r: (b, o) — [0, 1] is monotonically

decreasing and continuous from the left such that r(x) = 0 for x € (w,, ).
[7+7]

8. a) For the following fuzzy numbers A and B, calculate (A + B) and (A — B) where
A(x) =0 ,x<=-1x>3

=’“—’:,-—1cxs1

=3%‘ 1<x<3

Bx)=0 ,x=1,x>5
= ? 1<x<3
=5; 3<x<h
b) Let R denote the set of all fuzzy numbers and let MIN and MAX be the binary
operation on R . Then prove that

(i) MIN(A, MAX(A,B)) = A
|8+6]

Ll
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CM10: GENERAL MEASURE AND INTEGRATION
Duration: 3 Hrs Max Marks: 70

Instructions fo candidates:
| 1] Attempt any Five Questions,
2y Figures to the right indicate marks

e

2. Any revealing of identification, appeal to valuator and / or equations written will be treated as malpracti

1. a) Prove that Countable union of a positive sets with respect to a signed measure is
positive.
b) Show that Intersection of two B-rings is a B-ring
¢) Define Signed measure and explain its types.

[64+4+4)

2. a) Let (X, <4) be a measurable space and let ¥ be a signed measure defined on
(X,eA) . If B is a measurable set with finite negative measure 1.¢.
—a < y(B) < 0 then prove that B contains a negative sets Ac B with the

property (4) <0.
b) State and Prove Hahn Decomposition Theorem. |8+6]

3. a) Prove that the union of finite collection of measurable set is measurable.
b) Let (X, A, u) be measure spaﬂu f be a non-negative measurable function on X
and A is a positive real number then show that ufxe X/ fiz)z A}= Fjj dii .
:

¢) Let (X,A, u) be measure space and ¢ and w be non-negative simple function
on X. If & and £ are positive real number then show that

I[ﬂ’%ﬁ" + Poldu = ﬂ’jiﬁ" dg + ﬂjﬂﬁ*dﬁ Further more, if y <¢ almost everywhere
on X then show f_hat [ W < [ ddu [5+4+5]

E dNSWeEDs, COMPULSOTIHY aravy aidgandl BNes O (e FEfT=iTing haiis Pages,

4. a) State and prove Fatou's lemma
b) State and Prove Monotone Convergence theorem.

18-+6]

5. a) State and prove Radon Nikodym Theorem.

b) If ¥ is a o — finite signed measure and u, A is a @ — finite measure on (X, «A)
such that y < g, u < A then show that% = :—:- -Ef-;

[8+6]
1of2 PTO



6. a) State and prove Lebesgue Decomposition theorem.
b) Let f and g be measurable functions on X for which f# and g° are integrable
over X. Then their product f - g also is integrable over X. Then show that

_!|.I"S|rfﬂﬂJifld#-J£E}dﬂ

[7+7]

7. a) State and Prove the Riesz —Fishcher theorem.
b) Let (X,<A, u) be measure space and 1 < p < o, If {f,,} is a bounded sequence
of functions in L7 (X, p) then show that {f,} is uniformly integrable over X.
¢) State the Riesz Representation theorem for Dual of L7 (X, u).
|6+6+2)

8. a) Let R be the collection of measurable rectangles in X % ¥ and for a measurable

rectangle A X B , Define A(A x B) = u(A) - v(B) . Then show that R is a
semiringand  A: B — [0,0] is a premeasure.

% UsingFui's e vty {722 [~

17+7]

¥k EFE
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CMI11: STATISTICAL INFERENCE

Max Marks: T0

Instructions fo candidates:
1} Atterpt any Five Questions.

2} Fipures to the right indicate full marks
3y Saatistacal tables will be provided on reguest,

rs, compuisarily draw diggonal ines on the remaining biank pages.

NHE AnSwe

— o ——

Imiportant Note: 1. Un comple
2. Any revealing of identification, appeal to valuator and / or equations written will be treated as malpractice,

Q1. a) Write the conditions for validity of chi-square test.
b) The following figures shows the distribution of digits in numbers chosen
at random from a telephone directory.

Digits 0

1

2 - 4 a

6 7 |8 |9 |Total

Frequency | 1026

1107

097 (966 | 1075 | 933

1107 | 972 | 964 | 853 | 10,000

Test whether the digits may be taken to occur equally frequently in the
directory.[Tab ,2 at 5% level of significance for 9df= 16.916]. [4+10]

2. a) Derive constants of t-distribution also find §,and §.,.
b) Samples of two types of electric light bulbs were tested for length of life and
following data were obtained|[ Tab t for 13 df at 5% level of sigmficance 151.77]

Type-1

Type-11

Sample No.

n, =8

Ny, =7

Sample Mean

x, = 1,234 Hrs x; = 1,036 Hrs

Sample Standard deviation S;=36 Hrs

S2 =40 Hrs

[s the difference in the means sufficient to warrant that type-1 is superior to type-II
regarding length of life?

|8+6]

Q3. a) A random sample (X, X, X1, Xy, X:) of size 5 is drawn from a normal
population with unknown mean g. Consider the following estimators to

estimate p .
Dt =

Xyt X b X4 X+ X5

X+,
2

ii)t, = +X;

2K, + X2 41X,

i) £y = =2

Where A is such that t; is an unbiased estimator of ¢, Find 4, Are
tyand t; unbaised? which is the best estimator among ¢, , t; and t5 .
b) Prove that the maximum likelihood estimate of the parameter a of a population

having density function: i! (x — x),0 < x < a , for a sample of unit size is 2x, x
ir

being the sample value. Show that the estimate is baised. |8+6]

1of2
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Q4. a) An M.V.U is unique in the sense that if T, and T, are M.V.U estimators for y(#),
then Provethat T, =T,
b) Estimate @ and §§ in the case of Pearson’s Type-111 distribution by the method of

moments. | 10+4]
Q5. a) Define: i) null hypothesis ii) Alternative hypothesis
iii) Cntical region iv) Errors of Type-1 and Type-I1
b) Given the frequency function

1
- o o

f(x.6) ={e il
0, elsewhere

Find type-1 and type-11 errors in testing the H,: 8 = 1 against Hy: 8 = 2

also find power function of the test for the interval [0.5< x] |8+6]

Q6. a)Define; i) Most Powerful test [MP test]
ii) Uniformly most powerful test (UMP test)

b) Let p be the Prob.that a coin will fall head in a single toss in order to test
Hy:p = % against Hi: P = % . The coin is tossed 5 times and H; is
rejected if more than 3 heads are obtained. Find the Probability of type-1 _
error, Type-ll error and Power function of the test. [4+10]

7. a)Define: i) Operating characteristic (OC)
ii) Average Sample Number (ASN) of SPRT.
b) Write merits and demerits of Non-parametric methods. |6+8]

Q8. a) Write the procedure to test the hypothesis using sign test.
b) Using the Number of runs above and below the median, test for
randomness of the following observation.
15,77, 01, 65, 69, 69, 58, 40, 81, 16, 16, 20, 0, 84, 22, 28, 26, 46, 66, 36, 36, 66,
17,34, 49, 85, 40, 51, 40, 10 [Tab |Z]| at 5% level of significance = 1.96]
[6+8]

i
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